Abstract. The problem of when the group C * -algebra of a locally compact group is quasi-standard is investigated for certain simply connected nilpotent Lie groups. The characterization is in terms of the coadjoint orbit structure in the dual of the Lie algebra.
Introduction and results

A C
* -algebra A is said to be quasi-standard if the failure of separation by open sets defines an open equivalence relation on the primitive ideal space Prim(A). This condition is a natural substitute for the stronger condition that Prim(A) should be Hausdorff. In the separable case, quasi-standardness of A is equivalent to A being representable as a maximal full algebra of cross-sections over a locally compact Hausdorff space, the complete regularization Glimm(A) of Prim(A), such that the fibres are primitive throughout a dense subset [3] . The question of which C * -algebras can be represented in such a way has long been a matter of interest [9, 12, 19] .
Group C * -algebras provide some of the most interesting and important examples in the theory of operator algebras. In particular, the discrete and the continuous Heisenberg groups are both known to have quasi-standard C * -algebras (see [1, 20, 2, 3] ). However, the first systematic study of quasi-standardness for the C * -algebra of a locally compact group was only recently undertaken in [18] , where it was shown that C * (G) is quasi-standard for every amenable discrete group, while this fails to be true for the classical motion groups (except in dimension two) and other connected Lie groups. In this note, we continue the study of quasi-standard group C * -algebras by considering the situation for some classes of simply connected nilpotent Lie groups.
For an arbitrary C * -algebra A, the property of quasi-standardness can be characterized in terms of the topologized ideal spaces Glimm(A) and Min-Primal(A). Here Glimm(A) carries the quotient topology τ q of Prim(A) defined by the complete regularization map, whereas Min-Primal(A), the set of minimal primal ideals of A, is endowed with the strong topology τ . To be precise, A is quasi-standard if and only if Glimm(A) and Min-Primal(A) coincide as topological spaces [3] . For Glimm(A) and Min-Primal(A) to agree as sets it is sufficient that every Glimm ideal is primal. For general C * -algebras it can easily happen that every Glimm ideal is primal but τ q = τ . Thus, it is somewhat surprising to discover that in the case of a simply connected 2-step nilpotent Lie group G, if every Glimm ideal is primal, then automatically C * (G) is quasi-standard, whilst this does not remain true for 3-step nilpotent groups.
Our main result is the following Theorem. Let G be a simply connected nilpotent Lie group, g the Lie algebra of G and z the centre of g.
For n ≥ 3, let g n denote the n-dimensional nilpotent Lie algebra with basis X 1 , . . . , X n and non-trivial Lie brackets
and let G n = exp g n be the associated simply connected Lie group. Then G n is (n − 1)-step nilpotent and a semi-direct product of R with R n−1 . The group G 3 is the continuous Heisenberg group and G 4 is the only 4-dimensional simply connected nilpotent Lie group which does not decompose into the direct product of two smaller dimensional Lie groups.
Proposition. (i) Every Glimm ideal in
(ii) C * (G 5 ) has a non-primal Glimm ideal.
It seems likely that for all n ≥ 5, C * (G n ) has a Glimm ideal which is not primal. However, we have been unable to verify this.
The proofs of the theorem and the proposition are given in Sections 2 and 3, respectively. Lemmas 1 and 2 of Section 2 are likely to be useful for other classes of groups as well. In Section 4 we present further examples which, together with the theorem and the proposition, support the conjecture that for a simply connected nilpotent Lie group G, C * (G) is quasi-standard (if and) only if the maximal coadjoint orbit dimension in g * equals dim(g/z).
Proof of the Theorem
We begin by recalling some necessary notation and basic facts concerning certain ideal spaces of C * -algebras. For all this, compare [2] and [3] . Let A be a C * -algebra, and let Id(A) denote the set of all closed ideals of A. An ideal I ∈ Id(A) is called primal if whenever J 1 , . . . , J n ∈ Id(A), n ∈ N, are such that J 1 · · · J n = {0}, then J k ⊆ I for at least one k. Let Min-Primal(A) be the set of all minimal primal ideals. Minimal primal ideals exist and can be found within any primal ideal. Min-Primal(A) is endowed with the strong topology τ , which makes all the functions I → a + I , a ∈ A, continuous.
The Glimm ideal space of A, Glimm(A), arises from the complete regularization [9] of the primitive ideal space Prim(A). Define an equivalence relation ≈ on Next, we turn to representation theory. As is customary, we shall use the same letter, for example π, to denote a unitary representation of a locally compact group G and the associated * -representation of the group C * -algebra C * (G). Then ker π will denote the C * -kernel of π and π → ker π defines a mapping from the dual space [14] ).
Lemma 1. Let G be an amenable locally compact group with centre Z, and for
is quasi-standard and the mapping λ → I λ is a homeomorphism between Z and Glimm(C * (G)).
Proof. For every π ∈ G, there exists a unique character λ π ∈ Z such that π(z) = λ π (z)I Hπ for all z ∈ Z. This defines a mapping
which is well known to be surjective and continuous. Since G is amenable we have 1 G ≺ ind
λ ∈ Z. Now, fix λ ∈ Z. By hypothesis, there exists a net (λ α ) in D converging to λ. By continuity of inducing [13], I λα − I λ (τ w ) and hence I λα → P in Prim(C * (G)) for each P ∈ h(I λ ) = r −1 (λ). Hence
is a primal ideal and in particular no two points in r −1 (λ) can be separated by a continuous function on Prim(C * (G)). It follows that
as sets.
To prove that C * (G) is quasi-standard, by [3, Theorem 3.3] it remains to show that the quotient map q : Prim(C 
where Φ is the bijection that maps λ to
, it is enough to show that r −1 (r (U ) ) is open. Towards a contradiction, suppose there is a net (P α ) in Prim(C * (G))\r −1 (r(U )) converging to some P ∈ r −1 (r(U )). Since r is continuous, r(P α ) → r(P ), and since inducing is continuous,
Now, r(P ) = r(Q) for some Q ∈ U. Since U is open, it follows from (1) that, for some α, there exists Q α ∈ U ∩ r −1 (r(P α )). Then Proof. Let χ ∈ G/N and let f be a bounded continuous function on Prim(C * (G)). Since χ is a character we can define a continuous function g on Prim(C * (G)) by setting
Then, for every γ ∈ Γ,
This shows that χγ ∈ [χ] and hence that Γ is closed under multiplication. Also, replacing χ by χ, we obtain that f (χγ) = f(χ). Thus, if χ ∈ Γ, we have that
Let G be a simply connected (and connected) nilpotent Lie group with Lie algebra g. Let g * denote the dual space of g and g * / Ad * the orbit space of the coadjoint representation of G on g * . Kirillov's theory establishes a bijection between g * / Ad * and G. More precisely, associated to f ∈ g * is an irreducible representation π f of G, and π f and π g , g ∈ g * , are equivalent if and only if g ∈ Ad * (G)f . The Kirillov correspondence is a homeomorphism provided that g * / Ad * is endowed with the quotient topology [7] .
Lemma 3. Let G be a simply connected nilpotent Lie group and d the maximal orbit dimension in g
* . Suppose that the set S of all g ∈ g * such that Ad * (G)g is a linear variety is dense in g * , and suppose that F is a linear subspace of g
Proof. Let f 1 , . . . , f m form a basis of F and let f 0 = 0. Since the image of S is dense in G, it contains a net which is convergent to π f for every f ∈ F (compare the proof of [2, 4.6] ). Hence there is a sequence (g n ) n in S such that π gn → π fj for 0 ≤ j ≤ m. Since each Ad * (x) is a homeomorphism of g * , the quotient map
* is open. Hence there exist a subsequence (g n k ) k of (g n ) n and elements
We now recall from [4] and [6] the definition of the cortex, cor(G), of a locally compact group G. This is the closed subset of G consisting of all those π ∈ G that cannot be separated by open sets from the trivial representation. Clearly, {ker π : π ∈ cor(G)} is contained in the Glimm class [ker 1 G ] of Prim(C * (G)).
Proof of the Theorem. (i) The hypothesis implies that there exists a Zariski open and hence dense subset
and if g ∈ g * is such that π g ≺ ind G Z (π f |z ), then g|z = f |z and hence
so that π g = π f . Of course, the set of all f |z, f ∈ F , is dense in z * . Thus G satisfies the conditions of Lemma 1 and this proves that C * (G) is quasi-standard. (ii) In view of (i) it only remains to show that (b) implies (c). Let Z denote the centre of G and recall first that since G is 2-step nilpotent, by [16, Lemma 6] cor(G) coincides with the support of the conjugation representation γ G of G. Clearly, the support of γ G separates the points of G/Z. Applying Lemma 2 to N = Z yields that G/Z is contained in and hence equals the Glimm class of ker 1 G in Prim(C * (G)). By hypothesis the Glimm ideal
is primal. Lemma 3 now gives that the maximal coadjoint orbit dimension in g * equals dim(g/z).
Proof of the Proposition
Parts (i) and (ii) of the proposition are verified in the next two lemmas.
Lemma 4. Let g 4 and G 4 be as in Section 1. Then every Glimm ideal in
Proof. For simplicity, write G = G 4 and g = g 4 , and let f 1 , . . . , f 4 be the basis of g * which is dual to the basis X 1 , . . . , X 4 of g.
To start with, recall from [21] the parametrization of G. For r, s, t ∈ R, r = 0, s = 0, let σ r,t = π rf1+tf3 and σ s = π sf2 .
Then, with H = exp(RX 1 + RX 2 ), the commutator subgroup of G, G = G/H ∪ {σ r,t : r, t ∈ R, r = 0} ∪ {σ s : s ∈ R, s = 0}.
We need the following four facts concerning the topology on G.
(1) G/H is a limit set in G.
(2) {σ s , σ −s } is a limit set in G.
(3) Each σ r,t can be separated from any different point in G by a continuous function on G.
(4) σ s can be separated from every other point except σ −s by a continuous function on G.
To see (1), let
n f 1 + sf 2 and Ad * ((0, 0, 0, ns))g n = 1 n f 1 − sf 2 , so that σ 1 n ,− 1 2 ns 2 converges to both σ s and σ −s . Now, let Z(g) denote the centre of the universal enveloping algebra U(g) of g. For τ ∈ G let χ τ be the infinitesimal character of τ . Notice that for every a ∈ Z(g), τ → χ τ (a) is a continuous function on G ( [5] , for a simple argument compare the proof of Proposition 2.2 in [4] ). By [10, Proposition 2] 
These formulas together with χ τ = 0 for all τ ∈ G/H and the continuity of τ → χ τ (a) on G for a ∈ Z(g) imply (3) and (4). Finally, combining (1), (2), (3) and (4), we obtain that, as sets,
= {ker σ r,t : r, t ∈ R, r = 0}
is not quasi-standard, by [3, Theorem 3.3] it suffices to
show that the quotient map q : G → Glimm(C * (G)) fails to be open. To that end, let C = C 1 ∪ C 2 with C 1 = {σ r,0 ; r > 0} and C 2 = {α a,b ; a ≥ 0}, where for a, b ∈ R, α a,b is the character of G/H = R 2 corresponding to a, b. We claim that C is closed in G. Notice first that (r, t) → σ r,t is a homeomorphism between (R\{0}) × R and G\(G/Z(G)) , so that C 1 is closed in G\(G/Z(G)) . If σ r,0 → σ s for some s, then r → 0, −x 4 r → s and Thus U = G\C is open in G. However,
is not closed in G since its closure contains 1 G .
Proof. Let G = G 5 and g = g 5 , and let f 1 , . . . , f 5 be the basis of g * which is dual to the basis X 1 , . . . , X 5 . Towards a contradiction, let us suppose that the unique Glimm ideal contained in ker 1 G is primal. Then there is a net in G converging to every element in cor(G). By [6] ,
Let c and d be distinct non-zero real numbers. Then there is a sequence (g n ) n in g * such that
Choosing different orbit representatives and by passing to a subsequence if necessary, we may assume that g n → 0 and may find sequences (x n ) and (y n ) in G such that
. Thus if we write g n = 5 j=1 ξ j,n f j , n ∈ N, there are sequences (t n ) and (s n ) in R such that
Since ξ j,n → 0, (1) yields |t n | → ∞. From (1) we get 1 2 t 2 n ξ 1,n = c − t n ξ 2,n + ε n , where ε n → 0. Inserting this into (2), gives t n ξ 3,n + c 3 + ε n 3 + 1 6 t n ξ 2,n → 0, v < 0 can be the limit of a net in C 1 . Hence
is a limit set in G. With q : G → Glimm(C * (G)) denoting the quotient map, it follows as for G 4 that q(U ) is not open in Glimm(C * (G)). Therefore C * (G) is not quasi-standard.
Every non-abelian 5-dimensional simply connected nilpotent Lie group G which is a direct product of smaller-dimensional ones is isomorphic to either G 3 × R 2 or G 4 × R. By using the properties of C * (G 3 ) and C * (G 4 ) (see Section 1) and tensor product results from [17] it is straightforward to check that
Finally we show that quasi-standardness is in general not preserved when moving to either quotients or connected normal subgroups. In fact, for quotients and connected normal subgroups, some Glimm ideals may even fail to be primal. It is obvious that z = RX 1 and Ad * (G)f = f + z ⊥ if ξ 1 = 0. Thus, by (i) of the theorem, C * (G) is quasi-standard. Now, the subalgebra of g generated by X 1 , X 2 , X 3 , X 5 , X 7 is isomorphic to g 5,2 , and we already know that C * (G 5,2 ) contains a Glimm ideal which is not primal (Example 1). Also, it is easily checked that g/z = R ⊕ h, where h is isomorphic to g 5,2 . Hence C * (G/Z(G)) has a non-primal Glimm ideal.
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Added in proof
In subsequent work with G. Schlichting and D. W. B. Somerset the authors have shown that C * (G n ) has a non-primal Glimm ideal for all n ≥ 5 and that there exist quasi-standard 6-dimensional simply connected nilpotent Lie groups G such that the maximal coadjoint orbit dimension is less than dim(g/z).
